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ABSTRACT 
The purpose of this investigation was to study the conditions 
of brittle fracture initiation in low-carbon steel. An elastic-plastic 
stress analysis was developed from which the state of stress along the 
minimum section of a notched specimen could be determined as a function 
of the aver.ageappl ied stress and the yield stressQ A series of tests on 
plate-type specimens, with the same notch confi~uration as that used in 
the stress analysis, provided experimental values of average fracture stress 
under various test conditions. 
Appl ication of the elastic-plastic stress analysis to the 
experimental results provided a theoretical prediction of the state of 
stress at the instant and location of fracture initiation and also an 
indication of the position of the elastic~plastic boundary at fractureo 
It was found that the stress condition necessary for brittle fracture 
initiation, in the mi ld steel specimens studied, was achieved when the 
maximum tensile stress reached a critical value of approximately 246,000 
psi 0 For a ratio of average appl led stress to yield stress above a certain 
value? the maximum tensile stress cannot attain the necessary stress value 
for the initiation of a brittle fracture as defined herein, and the 
resulting fracture wi 1 1 be ductile in nature, preceded by gross plastic 
deformation. 
Results from this investigation were compared with existing 
information related to fracture initiation to prQvide a basis for evaluating 
both the analytical techniq~e employed and the final results obtainedo 
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I . I NTRODUCT ION 
1.1 General 
Fracture has been defined as the separation or fragmentation of 
a sol id body into two or 'more parts under the action of stress For 
most structural metals and alloys it is convenient to classify this 
process of separation into the two general categories of ductile and 
brittle fracture. The usual distinction between the two types of fracture 
is made on the basis of the amount of plastic deformation preceding actual 
separation. Ducti 1e fracture is preceded by extensive plastic flow, not 
only during fracture initiation, but also during re1:ative1y slow fracture 
propagation and finally separation. This is the type of fracture most 
commonly observed in structural metals such as low~carbon steel. Brittle 
fracture, on the other hand, is characterized by a rapid rate of crack 
~ropagation with no gross plastic deformation during any stage and very 
1 ltt1e microdeformation. The predominant feature of a brittle fracture 
in service is that usually it is unexpected and cannot be anticipated on 
the basis of conventional design criteria. The material does not appear 
to develop its normal engineering properties of tensile strength and 
ducti1 ity since the nominal stress at the time of fai lure may be quite low. 
Because a brittle fracture, occurring without warning, usually results in 
serious structural damage, it is obvious that this type of fracture is to 
be avoided if at all feasible. 
Fortunately] structural steel normally behaves in a ductile 
manner undergoing gross plastic deformation before failure. It is this 
Numbers in parentheses refer to the Bib1 iography. 
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abi 1 ity of steel to absorb a considerable amount of energy that enhances 
its use as a structural material. Under certain conditions of temperature, 
geometry and loading, however, mi ld steel can behave in an almost perfectly 
brittle manner, with negl igible absorption of energy. Examples of this 
type of fracture in steel structures may be found in the 1 iterature. (2) (3) 
As a result of the extensive research studies conducted during the past 
two decades, it is now possible to util ize improved design and fabrication 
procedures which can minimize the occurrence and severity of brittle 
fracture; but a better understanding of the mechanism of brittle fracture 
is necessary before it will be possible to design more surely against such 
fa i 1 u res. 
To faci 1 itate the study of brittle fracture, it is convenient 
to separate the total brittle fracture process into two stages, initiation 
and .propagation. As Averbach has pointed out (4), the problems of 
initiation and propagation may not be clearly distinguishable since 
conditions for the initiation of a cleavage microcrack may be very close 
to the conditions required for the discontinuous propagation of a gross 
crack. However, the conditions for crack initiation may not necessarily 
satisfy the requirements for crack propagation, thus implying that 
initiation and propagation might be treated as separate processes (5). 
Obviously, propagation of a brittle fracture is influenced to some degree 
by dynamic effects and also by conditions throughout the area traversed 
by the crack, whereas initiation is influenced predominantly by conditions 
in the immediate vicinity of the crack source. Although some similarity 
may exist between the mechanisms of initiation and propagation, the 
division of brittle fracture into two distinct stages is both real istic 
and convenient. 
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Brittle fracture is not a new phenomenon, having been recognized 
as a source of failure as early as the latter part of the 19th Century (6). 
Because of existing design procedures and materials employed, it did not 
become a serious problem until much later as allowable stresses increased 
and welding usage became more widespread. During the past two decades, 
extensive research has been conducted to explain the phenomenon of brittle 
fracture, and several theories or hypotheses have been offered as an aid 
to understanding initiation and propagation. Since the investigation 
reported herein was concerned with the conditions related to initiation of a 
brittle fracture, the propagation aspect is not discussed in this report. 
The study of initiation can be conducted on a microscopic level 
(atomic or molecular) in which the material is considered to be discontinuous 
andhmade up of discrete particles, or it can be ~ondutt~d on the phenomeno-
logical (large scale) level in which the material is considered to be 
continuous and homogeneous and to be composed of identical volume elements 
of finite dimensions. The former area is the domain of metallurgists and 
sol id state physicists. The investigation described in this report was 
conducted within the phenomenological realm with engineering design 
appl ications in mind. Regardless of what initial approach is used, for 
engineering significance it wi1 1 ultimately be necessary to develop a 
fracture criterion that can be used with the macroscopic concepts of stress 
and strain encountered in the usual theories of elasticity and plasticity (5 ) 
In the phenomenological study of initiation it is necessary to 
consider macroscopic factors that influence the phenomenon of initiation. 
Of these factors, probably the most important is the general state of stress 
at the origin of fracture initiation, and in particular the maximum tensile 
stress present. A determination of a maximum critical stress, or a 
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In this investigation a series of notched flat plate specimens 
were tested in tension at a fixed static rate of loading. With the 
exception of temperature and thickness all test parameters were held 
constant. Test temperatures were varied from room temperature (+7SoF) down 
to 1 iquid nitrogen temperature (-320oF), and nominal specimen thickness 
varied from 1/4 in. to 1 in. The results from the experimental study were 
combined with the results from an approximate elastic-plastic stress 
analysis developed as a part of this investigation to obtain the desired 
information regarding the state of stress in the specimen. This analysis 
makes it possible to predict the appl ied load at which general yielding 
wil 1 occur and thus provides a dividing 1 ine between brittle and ductile 
fracture. The analysis also theoretical prediction of the 
position of the elastic-plastic boundary in the specimens. The final 
results of this study include a theoretical prediction of the maximum tensile 
stress necessary for fracture initiation under the conditions studied 1 a 
description of the stress state at fracture for the particular test condi= 
tions employed, and a prediction of the ratio of average appl ied stress to 
yield stress above which only ducti le fractures are possible. !n addition, 
the results originating from this investigation are compared with related 
fracture studies previously conducted and the val idity and appl icabil ity 
of the results are arialyzed and discussed 
In the following chapter is presented a brief summary of earl ier 
investigations related to brittle fracture initiation along with some of 
the more pertinent results. in Chapter 3, the elastic-plastic stress 
analysis is developed and the appl ication and util ization of this analysis 
is discussed. Chapter 4 contains a description of the experimental phase 
of the investigation including specimen description, test procedure and 
6 
results, and Chapter 5 contains the analysis and discussion of the results 
of the study. A summary of the program and a brief review of the conclusions 
are presented in Chapter 6. 
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critical stress ratio necessary for brittle fracture initiation would 
certainly provide the simplest basis for improved design procedures such 
that this critical stress state could be avoided. in order to effectively 
make use of a critical stress in design it would also be necessary to 
have available " effective" stress concentration factors for the more 
prevalent types of flaws or cracks expected in a material. From a knowledge 
of the maximum tensile stress required for fracture initiation, the average 
appl ied stress at which a brittle fracture would occur could easily be 
predicted. Regardless of practical impl ications, however, a knowledge of 
the maximum stress, and general stress state at fracture is a necessary 
part of a total understanding of the mechanism of brittle fracture initiation. 
1.2 Object and Scope 
The purpose of this investigation was to study the fracture 
behavior of small notched steel plates in tension and to determine the 
maximum tensile stress and the over-all stress state present in the specimen 
at the location and time of fracture. included as a part of the investi-
gat ion was a study of the effect of certain parameters on the fracture 
behav i or. 
The state of stress existing at any point in a sol id body is 
necessarily affected by many factors such as temperature 1 specimen geometry~ 
stress history, rate of loading? the presence or absence of a notch, the 
appl ied external load and the material itself. It would be impossible to 
comprehensively study all variables in a program of I imited scope; in the 
investigation reported herein, the majority of those variables were held 
constant and interest was centered only on those that could be easi ly 
observed and control led such as specimen thickness and temperature. 
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2. BRITTLE FRACTURE INITIATION 
2,1 History 
The problem of fracture initiation and of defining a criterion 
for fracture has been the subject of investigation for many years. As early 
as 1776 Coulomb (7) suggested that fracture of a solid would occur if the 
maximum shear strain at some point surpassed a critical value characterizing 
the mechnica1 strength of the material. This is probably the oldest of a 
number of empirical " cr itica1 shear stress" or "cr itica1 shear strain" 
re 1 at ions (8) More recently investigators have recognized the significpnt 
difference between ductile and brittle fractures and although a critical 
shear criterion appears val id for most ducti 1e fractures, a new explanation 
for the phenomenon of brittle fracture has had to be sought. 
Probably the first classical concept of brittle fracture was 
d b L d . k (9, 10) h d h· ·11 h 1 d b presente y u WIC W 0 expresse t e View, stl e y many 
people, that fracture would occur when the flow stress curve of the material 
intersected the fracture stress curve. Ludwick also recognized the 
importan~e of triaxial stresse$ and reasoned that the presence of a notch 
could conceivably lower the fracture stress to the point where fracture 
could occur at normal temperatures. He further postulated that because 
of triaxial ity the presence of a sharp notch could raise the axial stress 
considerably above the yield stress level and that the initial internal 
fracture was a result of the maximum normal stress. 
In an attempt to explain the vast differences between the 
theoretical and experimental strengths of materials, Ing1 is (11) showed 
that in the elastic range a large stress concentration exists at the end 
of a small crack. As a resul t of the work by Ing1 is, Griffith (12, 13) 
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suggested that microcracks were responsible for low observed values of 
strength, and derived for glass an equation for a "critical" crack length 
at which the crack would initiate into an unstable fracture. He obtained 
his expression for critical crack length by equating the available strain 
energy arising from crack growth to the work required to form new crack 
surfaces. In spite of its many shortcomings when appl ied to metals, the 
Griffith theory of crack initation is considered by many to be one of the 
major contributions to the study of fracture. 
Many years later both Irwin (14) d (15) an Orowan suggested a 
modified Griffith theory by including the work required for local ized plastic 
strain in place of surface tension. Based on some of these same Griffith 
concept s, I rw in has since done a great dea 1 of work in the a rea of Ilf ractu re 
mechanics" which is based primarily on elastic theory. A rather complete 
introduction to fracture mechanics may be found in reference (16). 
More recently, investigators have come to the conclusion that, 
contrary to Griffith's hypothesis? microcracks of a size sufficient to 
cause fracture initiation may not necessarily exist in a material in the 
unstressed state but may be formed by plastic flow during loading. This 
concept has led to numerous dislocation theories to explain the formation 
of microcracks. Briefly, the current theories deal ing with the atomic 
mechanism of cleavage fracture in body=centered=cubic materials suggest 
that a crack is initiated by the pile-up of dislocations against an obstacle. 
Zener (17), as early as 1948~ suggested that a pile-up of dislocations 
against an obstacle such as a grain boundary, could produce sufficient 
stress concentrat i on to in it i ate a crack. Stroh (18) introduced the con= 
cept that a dislocation pile-up in a sl ip band would contribute to the 
conditions necessary for crack initiation. Cottrell (19) 'd d h reconsl ere t e 
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problem associated with dislocation pile=ups and proposed that dislocations 
travel ing on two intersecting sl ip bands could produce a dislocation pile~up 
in the form of a giant dislocation which could act as a knife along cleavage 
planes in body=centered=cubic materials. Although incomplete at present, 
the dislocation approach to brittle fracture initiation has provided a 
framework for the microscopic explanation of the fracture mechanism. The 
atomic mechanisms of fracture were discussed at an international conference 
held in Swampscott, Massachusetts in April 1959 and the publ ished proceedings 
(5) indicate the current theoretical and experimental approaches in this area. 
The preceding discussion is not meant to be a comprehensive survey 
of publ ished I iterature relating to fundamental work on the initiation of 
brittle fracture, but is intended only as a brief review of the more 
prominent references in this area. For a more thorough treatment of the 
subject, the readeris attention is directed to the extensive 1 iterature on 
h b · (20, 21) t. e su Jeet . 
Since this report is concerned with the general state of stress, 
and in particular the maximum normal stress, existing at the fracture origin, 
a summary of recent work relating to this particular aspect of fracture 
initiation is presented in the following section. 
2.2 Recent Work Relating to Stress State at Fracture 
Jenkins and his associates (22) found that, for brittle fracture, 
it appears that the maximum normal stress and the ratio of maximum normal 
stress to maximum shearing stress are the most significant factors, and 
these concepts are apparently accepted by many investigators. Cottrell (5) 
in discussing the fracture transition mode from ductile to brittle, 
expressed the view that a large ratio of maximum normal to maximum shear 
stress can aid materially in causing such a transition. 
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Davis, Parker and Boodberg (23) conducted several fracture tests 
on plate specimens of mild steel in a study of the shear to cleavage 
fracture transition. The state of stress, defined in part by the ratio of 
maximum tensile stress to maximum shear stress? was found to be directly 
related to the transition temperature. The 1 ikel ihood of brittle fractures 
occurring at normal temperature is increased if the ratio of maximum 
tensile to shear stress is increased by means of a notch. Also it was 
concluded that brittle fractures initiate at the mid-thickness of a plate, 
where the tensile stress in the thickness direction is a maximum., 
(24 25) - .. Weiss, Sessler and others ' analyzed the notch properties 
of high strength sheet alloys as a function of test temperatures and initial 
stress distribution. in extremely britt-je al]oys, the stress gradient is 
the predominant factor influencing notch strength. Other factors, such as 
specimen geomerry and elastic stress concentration factors, are significant 
only insofar as their contribu ion to the magnitudes of the stress gradient 
and the maximum stress in the region of the notch root. 
G . (26). 1 '. -' d' . 1 d h . rlnter -, In a qua Itaclve ISCUSSlon on y~ reasone t at In 
a notched steel plate of sufficient thickness, the tensile stress in the 
thickness direction could attain a value at least equal to the uniaxial 
yield stress. He expressed the view that this tensile stress could be 
significant for plate thickness of 1/4 in. or more. He also qual itatively 
described a mechanism by which the maximum axial stress could reach a 
value of approximately 2.75 times the yield stress. 
Yukawa and McMul1 in (27) tested a series of notched bar specimens 
in bending util izing different sizes of specimens and different notch 
preparations. They found that the 1 imiting strength, calculated from 
bending theory, was approximately 260,000 psi ~ and that for specimens 
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less than in. in size 1 very 1 ittle variation was observed in fracture 
strength. 
Several Russian investigators (28? 29, 30, 31) have tested both 
cyl indrical and flat notched specimens in an intensive study of the 
character of the resulting failure. Altho~gh the results in these papers 
are sometimes poorly defined? both elastic and plastic deformations were 
considered and some of the conclusions are worth noting. In one series of 
tests conducted on a normal ized steel with a yield stress of approximately 
58 ksi, they found from an approximate elastfc=plastic stress analysis that 
the maximum axial stress at fracture was on the order of 210,000 to 250,000 
psi. They also reported that the axial normal stress in the elastic-plastic 
stage of deformation reaches a maximum on the boundary between the elastic 
and plastic region and suggested that the magnitude of this maximum axial 
stress at the instant of fracture expresses the resistance to brittle 
fractur~ of the given state of the metal. In one series of tests in which 
the computed maximum stress was approximately 200 ksi, the elastic=plastic 
boundary wa.s located a distance of approximately 0·.·02 in., from the root .of 
the notch. 
The most recent work pertaining directly to the investigation 
reported herein was conducted H· d' k" ,. d . del k (3 2 ~ 33) at ,en ric son, Woo 9 an "ar 
the Cal ifornia institute of Technology. ~n their investigation? small 
notched cyl indrical specimens of annealed mild steel were tested over a 
rangE of temperatures and loading rateso From ·[he initial sLudy of yielding, 
results showed that the maximum stress for local yielding in a notched 
specimen was the same value as the static upper yield stress in unnotched 
specimens. Also there was apparently no indication of delayed yielding in 
the notched specimens. 
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In a later study of the same nature, the state of stress at the 
minimum cross-section of a notched cyl indrical specimen subjected to tensile 
loading was determined by means of an elastic=plastic stress analysis. An 
experimental study suppl led values of average fracture stress for the range 
of conditions employed. The true maximum tensile stress at the position 
and at the instant of initiation of brittle fracture was determined from 
experimental results by the appl ication of the stress analysis. They found 
that brittle fracture is initiated in the mild steel used when a critical 
maximum tensile stress of about 210~OOO psi is attained. This value was 
found to be independent of stress rate and temperature 
The results of their investigation also indicated that a necessary 
condition for brittle fracture is that the ratio between the average appl ied 
stress and the yield stress never attains the critical value which would 
cause yielding to progress to the axis of the specimen. 
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3. ANALYTICAL STUDY 
3.1 General 
The mechanism of fracture initiation at a notch in a plate-type 
tensi Ie specimen is a complex and 1 ittle understood phenomenon. It is 
known, however, that although the stress state in the vicinity of a notch 
in a tensile specimen is difficult to analyze, triaxial tensile stresses 
are present. Equal triaxial tensions theoretically prevent any plastic 
flow or deformation and triaxial tensile stresses of any extent will 
su~pressyielding to some degree thus promoting the possibil ity of a 
brittle fracture. The extent of triaxial ity wil I be a function of notch 
and specimen geometry with the actual stress condition fall ing somewhere 
between plane stress and plane strain, although conditions in most structures 
more closely approximate plane strain. 
Although a triaxial stress state can serve to inhibit general 
yielding, it has been fairly well establ ished that some plastic deformation 
at the notch tip always precedes brittle fracture initiation, no matter 
how sharp the notch (34). Since 1 imited yielding does precede fracture 
initiation, the maximum stress wil I not necessarily occur at the notch tip, 
as predicted by elastic theory, but rather at some finite distance beneath 
the notch surface at the midthickness of the plate. In order to study 
the initiation mechanism and the stresses associated with the onset of 
rapid fracturing, it then becomes necessary to consider the conditions at 
an interior point in a body, conditions which cannot all be determined 
experimentally, nor easily measured. 
Because the stress state and stress distribution at the region 
of interest are at an interior point in a body, surface measurements alone 
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will not suffice as a means of predicting these quantities. it becomes 
necessary to employ a mathematical approach to provide the necessary 
supplementary information. Because some plastic deformation always precedes 
fracture initiation, the mathematical technique used cannot rely solely on 
the theory of elasticity. It is necessary that some theory of plastic 
deformation, appl icable to the yielded region, in conjunction with elastic 
theory for the elastic portion of the specimen, be util ized for a complete 
stress analysis of the problem. The particular stress analysis chosen 
must not only satisfy the appropriate equations of elasticity and plasticity 
but also must satisfy the external boundary conditions, and be of such a 
form that the integral of the stresses across the minimum section and at 
infinity is equal to the app! ied load. 
The general procedure to be f01 lowed in the stress analysis of 
the problem is as follows. First it wi 11 be necessary to select an 
appropriate model that will yield easily to mathematical analysis and also 
one which is similar to, or closely approximates, the experimental specimen 
to be used. A complete elastic solution to the problem wi 11 then be 
obtainedo in the elastic analysis of the problem, the appropriate equations 
of elasticity may either be solved at a discrete number of points in the 
exact continuous model, or an approximate discrete model with the corres-
ponding discrete number of equations may be solved. in this investigation, 
since an exact closed form solution is available for the continuous model, 
the former approach will be used. Once the elastic solution has been 
obtained, an approximate technique will be util ized to take into account 
any plastic deformation that would have occurred. The final results will 
then be obtained from the elastic=plastic stress analysis 
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in the fo1 lowing sections of this chapter are presented the 
development of the elastic-plastic stress analysis used for the determination 
of the stresses existing at the tip of a notch at the instant of fracture. 
The mathematical model is described and the assumptions and approximations 
uti1 ized in the elastic-plastic stress analysis are discussed in detail. 
The results are presented at the end of the chapter. 
3.2 Model Used 
The model chosen for the stress analysis is a sol id body whose 
cross section is shown in Fig. 1. The geometry of the model was selected 
such that the dimensions of the cross section in the region of the notch in 
the x-y plane corresponded to the cross section and notch configuration 
used for the specimens in the experimental study. The body is assumed to 
be of infinite extent both in the x=y plane of the figure and also in a 
direction normal to that plane. The cross section shown in Fig. is 
identical to all cross sections parallel to the x-y plane. Thus in this 
analytical study the problem to be considered is one of plane strain. 
The uniaxial tensile load, PJ per unit thickness normal to the 
x~y plane acts in a longitudinal direction parallel to the y-axis. This 
load, which is appl ied in some manner at an infinite distance from the 
minimum cross section~ may al so be expressed in terms of the average appl ied 
stress on the minimum cross section, (J 
a' 
by the relation P = 2a cr a 
For convenience, dimensions have been assigned to the model which 
correspond to the dimensions of the experimental specimen. The total 
minimum section width, 2a~ is equal to 1 in. and the root radius of the 
notch, p, was selected to be 0.0] in. The ratio of the half width at the 
minimum cross section 9 a, to the radius of curvature of the root of the 
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notch, p, is alp = 50. The notch surfaces are formed by the two sheets of 
an hyperbola having an included angle of 16.1 degrees between asymptotes. 
With this particular specimen configuration of alp = 50, the theoretical 
elastic stress concentration factor at the notch tip is approximately 9. 
Since the notch surfaces were in the form of hyperbolas, it 
was convenient initially to use curvi1 inear coordinates such that: 
x = k cosh u sin v 
(1 ) 
y = k sinh u cos v 
where k is a constant such that on the notch surface x = a for y = O. The 
curvi 1 inear coordinates are given by u and v and the corresponding rectangular 
coordinates by x and y. 
In curvil inear coordinates the surfaces of the notch (hyperbola) 
are defined by v = + V 7 where v is a constant. in terms of rectangular 
- 0 0 
coordinates the parametric equations of the notch surfaces are: 
Along the x=axis (u 
or 
x = k cosh u sin v 
o 
y = k sinh u cos v 
o 
0), the notch tip is located at x 
x = a = k sin Yo? for y 0 
k a 
sin v 
o 
Making use of the relationship: 
cosh 2 u - sinh 2 u = 1 
ao Thus 
(2) 
the equation of the hyperbola, or notch surface, in rectangular coordinates 
becomes: 2 2 2 (x/a) - (y/a) tan v 
o 
(3 ) 
From Eq. (3) it can be determined that 
but at the root of the notch, 
Thus 
y 0 
2 tan v 
a 0 
the radius of curvature 
d2x 
dy2 p 
y 0 
tan 2 alp v 
0 
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is p, or 
Substituting in Eq. (3), the expression representing the notch surfaces in 
rectangular coordinates may be written as: 
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x I a = y lap = (4) 
In both the elastic and elastic=plastic stress analysis, it is 
necessary to specify the conditions and assumptions which apply to the 
model. The general conditions are as follows: 
(1) the material (in this case, mild steel) is assumed to 
be homogeneous and isotropic throughout the body. 
This means that stresses and strains are considered 
only as average values over finite regions of the 
material. 
(2) the u n i ax i a 1 ten s i 1 e loa d, P, i sap p 1 i e din some 
manner at y = ± 00; all other surfaces are free of stress. 
(3) the load is appl ied in a monotonicallY increasing manner, 
and the strain in any element of the body increases 
monotonically. This type of loading corresponds to that 
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employed in the experimental phase of the program and 
insures that a unique solution for the stresses exists 
for a given value of the app1 ied load. 
(4) the x~y plane represents the middle surface of the model; 
the y-axis is longitudinal in the direction of the appl ied 
load; the z-axis is normal to the middle surface. The 
origin of the coordinate system is at the center of 
symmetry as shown in Fig. l. 
3.3 Elastic Stress Analysis 
The purely elastic stress analysis is considered first because it 
forms the foundation for the subsequent elastic-plastic stress analysis. 
For the elastic problem, in addition to the conditions imposed on the model 
previously, it is necessary to require that the material is perfectly 
elastic throughout and obeys Hookeos Law. 
The solution to the elastic problem will be in the form of a 
stress function, ~, which wi1 1 then define the stresses at any point in 
the body. The general form of the stress function is that developed by 
Neuber (35) in his stress analysis of elastic bodies with the same notch 
configuration and the same type of appl ied loading as used in this study. 
The general stress function as given by Neuber is~ 
~ = Axv + B cosh u cos v + C (5) 
where A and B are constants to be determined from the boundary conditions 
and C is an arbitrary constant which may be used to set the value of the 
stress function to some convenient value at any desired point, such as 
the coordinate origin or notch root? 
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The general equations of elasticity must be satisfied by the 
stresses at every point in the body. Generally these consist of equil ibrium 
equations 1 compatibil ity equations and the boundary conditions of the 
problem. For two-dimensional elasticity, the equil ibrium equations are: 
dO" d1" 
~ + ---2S'i dX dY 0 
(6 ) 
dO" d'T 
---.::L + ---EL dY dX 0 
These equations may be s~tisfied by selecting an appropriate stress 
function, ~1 (Airy stress function) such that the stresses may be expressed 
as, 
cr 
x 
0" 
1" 
xy 
Y 
d2~ 
dy2 
d2~ 
dX 2 
in the subsequent discussion of the elastic=plastic stress 
(7) 
analysis it will be convenient to express the second derivatives of the 
stress functions as dimensionless ratios of stresses rather than individual 
stresses. Thus Eqs. (7), rewritten in terms of a new stress function ~, 
become: 
1" 
cr 
x 
0" ys 
0" 
-L-
0" ys 
xy 
0" ys 
d2~ 
dX 2 
iL 
dXdY 
where cr is the yield stress in simple tension. ys 
(8) 
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The equations of compatibil ity insure that the displacements are 
single valued and continuous. Because the problem under consideration is 
one of plane strain, the compatibil ity equations reduce to only one 
equat i on: 
(9) 
I n t e r m s 0 f s t res sEq. (9) be come s : 
o (10) 
The compatibility requirements are then satisfied providing that the stress 
function, ~, satisfies the equation 
o (l 1 ) 
The boundary conditions of the problem may be summarized as 
follows: (1) the notch surfaces (free surfaces) must be free of stress; 
i.e., the normal and tangential stresses along the notch surface must equal 
zero (~ = ~ = ~ = 0). (2) the integral of the axial stress component 
x y xy 
(~ ) across the minimum cross-section (along x-axis) of the body must be y 
equal to the total appl ieo load. Actual ly the integral of the axial 
component of stress across the body along any 1 ine y = constant must equal 
the appl led load, but it will be shown later that satisfying this require= 
ment along the minimum cross section also insures that it will be satisfied 
along any 1 ine parallel to the x-axis. 
Consider the first boundary condition: 
0' 
X 
~ y 1xy = 0 (along notch surface) 
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At a boundary the equi1 ibrium equations require that the stresses at the 
boundary must be in equi1 ibrium with the external forces. Referring to 
Fig. 2, the conditions of equi1 ibrium at the boundary may be expressed in 
the fo1 lowing form: 
0- .e + 1" m = X 
x xy 
(1 2) 
0- m + 1" .e y y xy 
where X and Y denote the components of surface forces per unit area at a· 
point on the boundary and .e and m are the direction cosines of the 
normal N to the boundary. 
Fig 2,.e = sin a = - £l ds 
For the coordinate axes oriented as shown in 
dx 
and m = cos a = + dS' Substitutlng the stress 
function expressions for stresses from Eq. (8), Eg. (12) becomes: 
CY ys 
2 (~) (_ il) + 
dy2 ds 
0-ys 
2 
( ~) (+ dx) = X 
- dXdY d5 
and 
But since 
0-ys 
(~) d ds 
Eqo (13) may be rewritten as: 
and 
d 
ds 
d 
ds 
2 
( ~) ( ~) = y 
- dXdY - ds 
d2cp 2 (dx) + 2....L (~) 
dX 2 ds dXdY ds 
(~) X 0-ys 
(~) Y =+-0-ys 
(13 ) 
(14) 
(15 ) 
22 
At the free surface, the boundary conditions of the problem require that 
x = y = O. Thus 
d 
ds o 
d (2s£) 0 
ds dX 
( 16) 
Thus the first boundary condition is satisfied provided that along the 
boundary (notch surface), 
constant 
and (1 7) 
~ = constant 
Cons ideri ng . the two d i Illensjonal .. s tress .functi on d~ve loped by 
Neuber: 
~ = Axv + B cosh u cos v + C 
and applying the boundary conditions as expressed by Eq. (17): 
rx = Av + k [ Ak cosh 2 ~ s i nv ~osv - B ~ i n v cos v J (18) 
k (cosh u = sin v) 
cosh u sinh u [ . 2 
'B = Ak sin 
k (cosh 2 u = sin 2 v) 
(19) 
2sP.-in order to satisfy the boundary condition 9 dY - constant, along the notch 
surface (v = v ) 9 it is necessary that 
o 
B = Ak sin 2 v 
o 
Substituting this relation in Eq. (18) ~ 
d 
rx=Av+A [- sin v cos v (cosh 2 u = sin 2 
( h2 . 2 ) cos u = sin v 
(20) 
(21) 
Along the boundary v therefore 
A v + A sin v cos v constant 
o 0 0 
Thus the first boundary condition has been satisfied by taking B 
and the stress function now becomes 
cp A xv + Ak sin 2 v (cosh u COSY) + C 
o 
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(22) 
(23 ) 
The second boundary condition requires that the integral of the 
axial stress component across the minimum section must equal the appl ied 
load. If an elemental force in the y direction is now denoted by 
dY (= Y ds) and substituted in the second of Eqs. (15), the resulting 
expression is 
+~ 
er ys 
(24) 
Since the total app1 ied load P may be expressed as P = 2a er . 
a 
where rr is the average axial stress across the minimum section~ and 2a is 
a 
the total width of the minimum section, the second boundary condition may 
be wri ttE;!n as: 
or 
+v 
· .. 0 
J 
-v 
0 
This boundary condition thus 
2s£ dX 
+v 
o 
J 
-v 
o 
dY 
2aer dY a 
er er ys ys 
requires 
2s£ dX 
+V 
0 
P (25) 
+V 
0 
I d (~) (26) 
=V 
0 
that: 
2arr 
a 
er 
(27) 
~V 
ys 
0 
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From the previous expression for the stress function, it may be shown that 
Therefore: 
or 
v = +v 
o 
v = -v 
o 
A (v + sin v cos v ) 
o 0 0 
= A (v + sin v cos v ) 
000 
(J 
2 A (v + sin v cos v ) 
o 0 0 
2a a 
cr ys 
A + cr (v + sin v ys 0 0 
a (J 
a 
cos v ) 
o 
(28) 
(29) 
Substituting for A in Eq, (23 ) the expression for the stress function now 
becomes: 
[ cosh. U 
(v sin v + sin 2 cos v) ]+ 2 (J v + a 0 C (30) cp = a (J (v sin + sin 2 v cos v ) ys v 
0 0 o 0 
At the tip of the notch, where v u = 0 or x a, y 0, the expression 
for the stress function becomes: 
cp 
x = a 
y 0 
(J 
a 2 _a_ + C 
(J ys 
(31 ) 
For convenience, cp at the notch tip was arbitrarily selected to be zero, 
and the constant C thus becomes: 
C = = (J ys 
The final form of the stress function, cp, which satisfies the 
equations of equil ibrium, compatibi 1 ity and the boundary conditions, is 
given as fol lows: 
(32) 
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2 O"a 
cp = - a 0" 
ys 
[1 - cosh u 
( . . 2 ) v sin v + sin v cos v 
o 
(v 
o 
. . 2 ) sin v + sin v cos v 
000 
J (33 ) 
With the stress function defined for the problem under study, it 
is now possible to calculate all desired stresses for the elastic case, 
However, it is at this point that a fundamental difficulty is encountered. 
The stress function has been developed in terms of curvi 1 inear coordinates, 
uand v. The solution of the problem is desired in terms of rectangular 
coordinates, x and y; i.eo, it is desired that the solution of the problem 
be expressed in terms of the stresses cr
x
' 0" , 'f Y xy Two direct possibil ities 
are open. First" the expressions for O"x' 0" , and ~ could be obtained y xy 
directly from the stress function appropriate differentiation" 
Or cr , 0" , and T could be calculated directly and by transforming to 
u v . uv 
rectangular coordinate axes, cr , cr and T could be determined. Although 
x y xy 
either of these procedures would provide the exact expressions for the 
desired stresses l such expressions are exceedingly complex and the solution 
is extremely tedious. 
An alternative approximate method~ selected for use herein, for 
calculating stresses from a given stress function, is to calculate the 
value of the stress function at a finite number of points, arranged in 
the form of a regular x-y net, and calculate the desired stresses uti1 izing 
finite different approximations instead of the exact differential 
expressions. The accuracy in this procedure is dependent primarily upon 
the spacing of the net or lattice selected. 
The finite difference net selected was a square net with the 
lattice points equally spaced in both the x and y coordinate directions. 
The finite difference expressions for the various differentials of the 
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stress function evaluated at a typical point 0, as expressed by Southwell (36) 
are given in Fig. 3 in terms of the stress function at surrounding points 
in a square net having a side of length d as shown in Fig. 4. 
The values of the stress function at points within the net were 
calculated with the aid of the University of III inois high~speed digital 
computer, the ILLIAC. The initial net spacing was arbitrarily selected to 
be d = a/16 (1/32 in.) since this seemed to provide a net with sufficiently 
smal I spacing, and at the same time did not result in an unreasonably large 
number of points. Because the model contained two 1 ines of symmetry, it 
was necessary to calculate stress function values over only one-quarter of 
the specimen. The calculation of stress function values was I imited to a 
region bounded by the I ines x = 0, y = 0, x = 24d, y = 12d, since this woulrl 
be the major region of interest in the elastic-plastic analysis. A sketch 
of this region of the net is shown in Fig. 5(a). 
Since the value of the stress function is dependent on the appl ied 
loading, an arbitrary ratio of ~ /~ = 1 was selected for use in the 
a ys 
computer solution. Values of the stress function or subsequently calculated 
stresses could easily be obtained for other ratios of ~ /~ by applying an 
a ys 
appropriate mUltipl ication factor. The input values of coordinates to a 
point were given in terms of x and y and were transformed to corresponding 
values of u and v by the computero 
The accuracy of the stresses determined from the ILL IAC-
calculated stress function values could easily be checked along the x-axis 
where ~ and ~ , available exactly from Neuber's closed form solution, were 
u v 
equivalentto ~ and ~. It was found that the approximate values of the 
x y 
stresses were considerably in error in the region of the notch tip because 
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of an inherent error in the calculation of arc sin v by the computer. The 
computer program was then modified so that the value of arc sin v could be 
calculated by hand. This e1 iminated any computer error in the calculation 
of the stress function and insured that any subsequent error in the 
calculated stresses was attributable primarily to the lattice spacing. A 
subsequent check of stresses as determined from the new exact stress 
function values indicated errors of less than 2 per cent except within a 
dis t an c e of 2 d (2 1 at tic e spa c i n g 5 ) from t he no t c h roo t . Wit h in, 't hi s 
dist:ance~ however, where the stress gradient was large~ errors as large as 
10 per cent in calculated stresses were observed. 
Subsequent investigation revealed that the maximum error could be 
reduced to less than 5 per cent by refining the initial lattice net in the 
region of the notch by a factor of 4. And an error of this magnitude was 
noted only for node points immediately adjacent to the notch surfaces. 
Thus the new net spacing chosen was dB = d/4 a/64. This grid refinement 
was carried out within a region bounded by x = 14d, x = 18d i Y = O. Y = 3d. 
This refined region of the net is shown in Fig. 5(b). Values of the stress 
function at the additional poinIs within the finer net were calculated 
in the same manner as described previously. Calculated values of the 
stress function for a ratio of IT lIT = 1 are given in Fig. 6. With 
a ys 
stress function values determined for each node in the lattice, stresses 
could be calculated at any desired point and the elastic analysis of the 
problem was now complete. 
The distribution of IT and IT along the minimum section is 
x y 
shown in Fig. 7. in Fig. 8 is shown the distribution of IT and IT along 
x y 
the 1 ine y = 8d, 1/4 in. above and para) le1 to the x-axis. From this 
plot it can be seen that, only a small distance above the notch 1 ine, the 
effect of the notch on the distribution of u is considerably reducedo y 
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The variation of d and u in the longitudinal direction along the y-axis 
x y 
is presented in Fig. 9. The longitudinal distribution of u and u along 
x y 
the 1 ine x = l6d (1/2 in.) directly above the notch tip is shown in Fig. 10. 
304 Elastic-Plastic Stress Analysis 
With the elastic solution forming the foundation, a complete 
solution of the problem now requires some modification such that plastic 
deformation wil I be taken into account along with the resulting changes in 
stresses and stress distribution. In the elastic-plastic analysis, 
additional conditions must be imposed that were not required for the 
elastic solution. These basic assumptions are as follows: 
(1) The mater i ali s assumed to be homogeneous and i sotrop i c 
in the plastic region as well as the elastic region. 
(2) The mater i ali s idea 11 y e I as to-p 1 as tic; i. e., the mater i a I 
obeys HookeYs Law only within the elastic region and the 
material is non=strain hardening. 
(3) Plastic deformation begins when the stress:state;'reaches 
a critical value defined by the selected yield criterion. 
This will be discussed in more detai 1 later. 
(4) The change in shape of the notch surface as a result of 
plastic deformation is negl igible and has no effect on the 
solution of the problem. 
In the initial formulation of this problem, two different yield 
conditions were considered, The first consideration was the weI I known 
Tresca yield condition 9 which predicts the onset of plastic behavior when 
the maximum shear stress, T 9 reaches a critical value~ 'T 't' In 
max cr I • 
terms of principal stresses~ the Tresca condition may be written as~ 
'T 
max 
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(34) 
In simple tension, CJ = CJ , the uniaxial yield stress~ and CJ2 I ys 0; then 
'fcrit . 
or 
CJ 
=~ 2 . The Tresca condition for yielding is therefore~ 
CJ ys 
2 (CJ ~ CJ ) 2 + 4-r 
x y xy CJ ys 
2 (35) 
The use of the Tresca yield condition, however, presupposes a knowledge of 
the relative magnitudes of the three principal shearing stresses. if the 
Tresca condition is to be used for the most general appl ication, its form 
is highly complex. 
Another yield condition, first formulated by Von Mises (37) ~ was 
a function of only the second stress invariant, and in general form was 
much simpler mathematically than the general Tresca yield condition. After 
its introduction, experimental evidence showed that the Von Mises yield 
condition represented the yield 1 imits of most structural metals at least 
as we] 1 as the Tresca condition. Since the yield condition of Von Mises 
is the most widely used criterion, and since it is generally accepted to 
best represent the onset of yielding in structural metals, this yield 
criteria was adopted for use in this investigation. 
in terms of the second stress invariant, J 2 , the Von Mises 
yield condition is given by: 
2 J - l' = 0 2 ys 
where l' is the yield I imit in simple shear~ and: ys 
(36) 
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(37) 
In simple tension, CT1 CT and CT2 CT3 = O~ thus~ ys1 
2CT 
2 61" 2 0 = ys ys 
or 
2 1 2 
'Tys = '3 CTys 
In terms of the yield stress and the principal stresses~ the Von Mises 
yield condition becomes 
(38) 
Since this analysis is concerned only with plane strain conditions~ 
Eq. (38)~ 
G' ys 
2 (39) 
In order to simpl ify this expression~ it is necessary to consider 
the behavior of the material after yielding. It can be shown (38) that 
during plastic flow Poisson1s ratio increases from its value at the 
elastic 1 imit of the material to a final value of v = 1/2~ approaching 
this value asymptotically. Because of this 9 and since any consequent 
error may be expected to be small I in the expression of the yield 
condition~ v will be given the value of 1/2. Making this substitution 
in Eqo (39) yields~ 
or in terms of rectangular stresses: 
( cr - cr ) 2 + 4-r y x xy 
2 4/3 cr ys 
2 
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(40) 
Equation (40) may be expressed in terms of the stress function, 
cp, as f 0 1 lows : 
4/3 (41 ) 
At this point, the formulation of the problem for the e1astic-
plastic stress analysis is complete. The equations of elasticity and the 
plastic equation, or yield condition, which must be satisfied in the 
elastic and plastic regions respectively, and the boundary conditions of 
the problem, have been derived in terms of the stress function,~. For 
convenience these are summarized below. 
(1) Differential Equation in Elastic Region: 
o 
(2) Differential Equation in Plastic Region: 
2 2 2 ·2 2 [~J - ~yi ] + 4 [ ~x*y ] - 4/3 = a 
(3) Boundary Conditions: 
cr 
a 
a --
cr ys 
(42) 
(43) 
o (along notch surface) (44) 
The complete solution of the elastic=plastic problem is ideally 
to find a stress function, ~, as a function of the coordinates x and y, 
which will satisfy Eqs. (42) and (43) in the elastic and plastic regions 
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respectively~ subject to the boundary conditions given by Eq. (44) and 
the requirement of continuity at the elastic plastic boundary. Unfortunately? 
there are several difficulties involved in a direct solution to this 
problem. Equation (43) is non-l inear and therefore the usual techniques 
available for the solution of linear equations are not appl icable. Also 
the exact location of the elastic-plastic boundary is not initially known 
but is determined as a part of the solution. For problems of this type~ 
no general methods are known by which solutions may be directly obtained 
analytically. 
Problems of this same type have been solved, however~ by uti) izing 
a step by step numerical iteration technique known as the relaxation method, 
(36) (38) due to Southwell Allen and Southwell appl ied the "method of 
systematic relaxation 'l to a class of problems involvin~ plane elastic-
plastic deformation similar to the problem under discussion. In a simi lar 
. .. J b (3 9) l' d S h 1 1 i l' d h Investigation •. aco s app Ie out we s re axatlon proce ure to t e 
problem of plastic flow in a notched bar under tension. More recentlys 
Hendrickson, Wood and Clark (33) util ized the relaxation procedure in the 
solution of elastic-plastic stress distribution in cyl indrical notched 
specimens. 
in the present problem~ however 9 the net spacing required for 
a satisfactory representation of the steep stress gradients existing around 
the notch tip results in an excessively large number of points at which 
the elastic and plastic equations would have to be solved. A manual 
solution of the equation by the relaxation technique would be exceedingly 
lengthy for even one loading condition, and the work involved in solving 
the problem for several loading conditions would be prohibitive. it was 
found that even by using the ~LLiAC~ the time required for one solution 
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would be excessive, The difficulties encountered in attempting to solve 
a problem of this type by relaxation methods emphasizes the need for a 
more direct~ less involved~ approximate analysis which would yield results 
compatible_; with those obtained from a more rigorous solution, and which 
would be easily adaptable to specimen configurations· other' than those 
considered in this study. 
The elastic=plastic stress analysis~ developed herein, is based 
on the elastic solution discussed in the preceding section. In this 
analysi5~ rather than finding the maximum stresses corresponding to a given 
loading condition 9 the maximum stresses are determined first and the actual 
load corresponding to these stresses is then calculated, As wi1 1 be 
discussed in Chapter 5~ the results obtained from this analysis are felt 
to give a reasonably accurate representation of the actual stresses 
existing at the instant of fracture. 
The first step in the procedure was to define the stress 
distribution in the elastic portion of the specimen. In a similar study 
of the stresses in a body after elastic=plastic deformation by Hendrickson~ 
Wood and Clark (33), it was found that the actual distribution of the 
stresses in the elastic region was approximately the same before and after 
1 imited plastic deformation, This observation was aiso made by Russian 
. , (29), "1 d' h' h h d h b ' Investigators In a Simi ar stu y In w_ IC t ey rna e t e aSlc 
assumption that the stresses in the elastic region are given by the Neuber 
solution. 
Since it is probably close to the true stress distribution, it 
is assumed in this investigation that after 1 imited plastic flow the 
distribution of stresses in the elastic region is adequately described by 
the elastic solution discussed in the preceding section. The procedure 
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for the remaining analysis ental Is defining the yield zone and the stress 
distribution within thE plastic region and subsequently determining the 
actual appl led load corresponding to this particular stress distribution, 
Since the stresses at the elastic=plastic interface are the ones of primary 
interest and can be obtained from the elastic distribution, it is not 
necessary to define exactly the stress distribution within the plastic 
region. ~t will be sufficient to roughly approximate the plastic stress 
distribution of the axial stress since it will be used only for determining 
the appl led load on the specimen. The maximum value of the stresses can 
be determined at the elastic-plastic interface from the elastic solution. 
and the value of the axial stress at the root of the notch can be found 
from the yield condition. The value of the transverse stress~ cr at the x~ 
root of the notch is of course zero, Whether the distribution of the 
axial stress between the elastic-plastic boundary and the notch root is 
parabol ic or linear or is described by some more complex function wi 11 
have a negl igible effect on the subsequent calculation of the load carried 
across the minimum section by the plastic region, Hence for convenience 
and simpl icity. the distribution of the axial stress between the elastic= 
plastic boundary and the notch root was assumed to be a straight 1 ine. 
By assuming a location of the yield zone, or a corresponding elastic 
stress distribution, the maximum stresses at the elastic-plastic boundary 
can be determined and the corresponding appJ led load found by integrating 
the axial stress across the minimum section. 
in the procedure for determining the stresses at the elastic= 
plastic boundary (or fracture origin). the first step was to arbitrarily 
select an initial appl ied load or corresponding ratio (rr /rr ) 18 where 
a ys I 
the subscriptv i ~ denotes the first approximation to the applied load. 
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From the preceding elastic solution 3 the values of the stress function 
corresponding to the selected load could then be determined at every point 
within the lattice. For convenience, the first approximation of the 
appl iedload initially selected was the ratio (er ler ) = 1- this is the 
a ys I ' 
same ratio selected previously for use in the calculation of stress 
function values. Equations (42) and (43)9 the elastic and plastic equations l 
express the mathematical conditions of the problem at lattice points 
within the elastic and plastic region 9 respectively. The elastic equation 
Eq. (42), is initially satisfied at all points within the lattice since 
the elastic solution is used as a starting point. However~ the plastic 1 
equation, which defines the condition for initial yielding~ is violated at 
certain points within the body. The ,region defined by these points is the 
region of plastic deformation corresponding to the actual appl ied load 
which must be subsequently determined. 
The region in which the plastic equation was violated was 
determined by computing the plastic residuals, R;I at every lattice point 
in the vicinity of the notch tip. The plastic residual 9 R;, is defined 
as fo 11 ows : 
2 2 -1
2 
[2 ] 2 
[ 
~ = ~ + 4 ~ = I .333 
~ 2 ~ 2 dXdY 
- ox. oy-
(45) 
where the superscript, i 9 denotes the value of the ratio G'a/erys; the 
values of Ri were computed first for the ratios er ler pay  10 Since the 
values of the stress function l ~9 are 1 inear functions of the appl jed 
load, it was possible to calculate plastic residuals for other loadings 
directly from RJ. The expressions for the plastic residual corresponding p 
to typical loadings are shown below. 
3 
I 
4 
R: ~ ~6 [R~ - 1.037 ] 
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(46) 
To determine the approximate extent and shape of the yield zone, 
the actual value of the plastic residual is not actually necessary since 
it is the sign of the expression of R that determines whether or not the p 
plastic equation was violated at a point. A negative value for R at a p 
point within the lattice indicates that the plastic equation has not been 
violated, and thus the point is within the elastic region; a positive 
value of R at a point denotes a violation of the plastic equation, p 
indicating that the point 1 ies within the plastic or yield region. A 
sketch of the yield regions for different appl ied loads is presented in 
Fig. 11. 
The exact location of the elastic=plastic boundary along the 
minimum section was obtained graphically by plotting the computed values 
of R at lattice points along the notch 1 ine versus the location of the p 
37 
node. From this plot, the exact distance of the plastic front from the 
coordinate origin could be determined. T his dis tan ce, x 1 iss how n p lot ted p 
against the first approximation of the load in Fig. 12. 
The steps in finding the actual appl ied load corresponding to a 
given yield region are presented in Figs. 13 through 16. in Fig. 13 the 
first approximation of the load 1 (rr Irr ) I' defines the stress distribution a ys 
in the elastic region and subsequently determines the location of the 
elastic-plastic interface, x 3 as indicated in Fig. 140 By integrating p 
the axial stress across the elastic zone, the load, PE, carried by the 
elastic region, can be found. The axial stress at the elastic-plastic 
interface, which is the maximum axial stress, (rr) 9 and the axial stress y max 
at the notch root determine the distribution of stress in the plastic 
region as shown in Fig. 15; thus the load carried by the plastic region, 
P 9 can be found. The actual load, denoted by (rr /rr ) t 1 is the sum of paysac ua 
PE and Pp and the stress distribution corresponding to this load is as 
shown in Fig. 16. The final load corresponding to a particular extent 
of plastic deformation~ x 9 will always be sl ight1y less than the first p 
approximation to the load (rr /rr ) I' from which x was first obtained. A 
a ys p 
plot of (rr /rr )a versus (rr 10" ) t 1 is presented in Fig. 17. 
a ys nays ac ua 
The principal stresses at the minimum cross section are shown as 
a function of their location near the root of the notch in Fig. 18 for 
anappl ied load corresponding to a ratio / rr ) = 0070. 
a ys actual For compar i son 9 
the stress distributions for elastic-plastic and purely elastic deformation 
are shown in this figure. The maximum axial stress, (rr) 9 occurs at y max 
the elastic-plastic boundary and the values of (rr) /rr as a function y max ys 
of (rr Irr ) t 1 are given in Fig. 19. Corresponding values of (rr) /rr 
a ys ac ua x max ys 
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and (0-) /0- as functions of (0- /0- ) t 1 are presented in Figs. 20 
z max ys a ys ac ua 
and 21 respectively. 
For the particular notch used in this investigation 1 the elastic 
stress concentration factor is 9.014. The yield condition employed is such 
that at the root of the notch where 0- 0 9 cr always has the value of x y 
1 0 1 54 er 0 r 0- / er ys y ys 1.154. For purely elastic deformation, the axial 
stress at the root of the notch is cr 9.014 er. Thus the appl ied load y a 
1.154 
at which yielding just begins is o-a/erys = 9.014~ or o-a/erys 0.128. 
Obviously (0-) /er also equals 10154. Thus for values of er ler < 0.128 7 Y max ys a ys 
all deformation in the body is elastic, while for loads such that 
er /er > 0.128, some plastic deformation occurs in the region of the notch 
a ys 
root. For increasing loads 9 the extent of the region of plastic deformation 
also increases unti I a load is reached at which yielding has extended from 
the notch root to the axis of the specimen. Since the analysis described 
is val id for only 1 imited plastic deformation and since brittle behavior 
was of primary interest 3 it was necessary to define an upper I imit to the 
appl ied load for which the region of plastic deformation was I imited to 
the immediate vicinity of the notch tip. 
An examination of the yield regions for different loadings 
indicated that for (cr ler ) t 1 < 1, the shape of the plastic regions 
a yS' ac ua 
were similar and were confined to the notch region. For (er I er) > 1 7 
a ys actual . 
however. the region of plastic deformation began extending toward the axis 
of the specimen above and below the notch 1 ine. This same behavior was 
noted by Allen and Southwell (38) and also by Hendrickson, Wood and 
C 1 k (33). .. 1 . . . . ar In simi ar Inves(!gatlons. Thus for the particular conditions 
of this studY3 the extension of plastic deformation becomes unstable for 
an appl ied load corresponding approximat~ly to ~ /~ = I, and further 
a ys 
increase in load wil I result in gross yielding of the specimen. 
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A consistent definition of brittle, as opposed to ductile, fracture 
in notched specimens can now be made on the basis of the foregoing discussion; 
this same basis of definition was used by Hendrickson, Wood and Clark (33) in 
their study of brittle fracture initiation. Any fracture, which occurs in 
the notched specimens used in this investigation, is defined as a brittle 
fracture if the appl ied load at fracture is such that (~ f'/~· ) < 1. 
a ys 
ConverselYD any fracture which occurs after extensive plastic deformation, 
i. e . ~ (~f/~ ) > 1, is defined as a ductile fracture. 
a ys 
The results of this analytical phase of the investigation provide 
a method for determining the maximum principal stresses existing in the 
region of the notch at the instant of fracture initiation. These stresses 
can be calculated provided that the nominal stress at fracture, O"af~ and 
the yield stress, ~ ~ are known. ys 
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4. EXPERIMENTAL INVESTIGATION 
4.1 General 
The purpose of this phase of the investigation was to study 
experimentally the initiation of brittle type fractures in flat plate 
specimens. Specifically~ it was desired to determine the yield stress of 
the material at given temperatures j the nominal stress on the minimum 
section at fracture, and to evaluate the effect of specimen thickness and 
test temperature on the fracture behavior. 
Much of the previous work related to brittle fracture initiation 
in smal 1 notched specimens has been conducted primarily on cyl indrical 
specimens j because this type of specimen is more adaptable to machining 
operations than plate type specimens, However j many of the mathematical 
techniques util ized in the analysis of experimental results~ such as 
described in the preceding chapter, are derived from plane elasticity 
theory and are thus more appJ icable to the analysis of plate specimens. 
In addition, results of studies on plate type specimens would probably be 
more indicative of actual "behavior in full size structural components than 
would results from cyl indrical specimens, For these reasons, notched 
plate specimens were selected for use in the experimental portion of this 
investigation. 
The values of yield stress and nominal fracture stress~ as 
~etermined in these tests, were used directly in conjunction with the 
analytical stress solution to provide a picture of the stress state existing 
in the specimen at the instant of fracture. The remainder of the experimental 
measurements recorded during the tests were used to provide a qual itative 
description of the behcwior of the specimens during loading to fracture, 
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such as the general deformation characteristics and the type of fracture 
at given test conditions. 
402 Material Properties 
The material used in this investigation was a semi-kil led, as-
rol led steel manufactured by Bethlehem Steel Company (Heat No. 60B528). 
Although a heat-treated steel might possibly have given more consistent 
results, an as-rolled mild steel was selected since it is precisely this 
material in which a satisfactory explanation of the brittle fracture 
phenomenon seems most elusive. A check analysis of the material is included 
in Tab leI. 
Standard tensile tests were conducted at temperatures of 78 0 F, 
=lOOoF and -3200 F, the same temperatures at which fracture specimens were 
tested. At room temperature, the upper~yleld po.int of the material was 
30 ksi and the ultimate stress was 58.6 ksi 0 A summary of the tensile test 
data is presented in Table 1. The variation of the yield strength and 
ultimate strength of the material as a function of temperature is shown in 
Fig. 22. 
Charpy V-notch impact tests were conducted over a range of tempera-
tures from =400 F to +140oF and also at =3200 F; all Charpy specimens were 
parallel to the direction of rolling. The 15-ft lb. Charpy V-notch 
temperature was approximately +60oF as may be seen from Fig. 23. The 
energy absorbed at =40oF was approximately 4.0 ft lbs, and at =3200 F, the 
energy absorbed was approximately 3.5 ft lbs. 
4.3 Specimen Description 
The specimens used in this study were all machined from the 
same I-in. thick plate. The overall width of each specimen was 2 in. and 
the edge notches were 1/2 in. deep resulting in a minimum section width 
42 
of 1 in. Nominal specimen thicknesses used were 1/4 in. ~ 1/2 in. ~ 3/4 in. 
and 1 in. although the l=in. specimen~ after machining 9 had an actual 
thickness of approximately 0.9 in. Preparation of the specimens were such 
that the middle plane of the specimens coincided with the middle plane of 
the parent plate. A sketch of the specimen configuration is presented in 
Fig. 24. 
The notch configuration selected was such that the notch surfaces 
were formed by the two sheets of an hyperbola as indicated in Fig. 24. 
The minimum radius of curvature at the notch tip was 0.01 in' l resulting 
in a theoretical elastic stress concentration factor of approximately 9. 
This particular notch configuration was selected so that the geometry of 
the experimental specimen \AOuld correspond as closely as possible to the 
geometry of the model used in the analytical study. 
Al I specimens were prepared with their longitudinal axis paral leI 
to the direction of roll ing. The surfaces of the specimens were machined 
and pol ished to the desired dimensioni. The notch was machined in the 
specimen edges using a milling cutter manufactured especially for this 
particular series of tests. A photograph of the mil I ing cutter is shown 
in Fig. 25(a). To simp] ify the manufacturing of this cutter somewhat I 
only the final O.2-in. depth of the notch profile conformed to the hyperbolic 
configuration. The remainder of the notch profile was a straight line 
as indicated in Fig. 25(b); it will be noted that the straight line 
portion varies only 51 ightly from the hyperbol ic profile. 
After specimen preparation was completed, the exact dimensions 
of each specimen were determined using a micrometer. The final dimensions 
of the notch were determined from measurements of an enlarged photograph 
of the notch region. A comparison of the shape of the machined notch with 
43 
the theoretical shape indicated that the maximum difference between the 
two was less than 0.001 in. as shown in Fig, 26. 
4.4 Test Procedure and Equipment 
Al1 tests; with the exception of a few prel iminary pilot tests 3 
were conducted in a 120 3 000=lb.=capacity hydraul ic testing machine. The 
genera1 test procedure consisted of instrumenting the specimens 3 cool ing to 
the desired temperature for low temperature tests, and loading to fracture. 
Tests were conducted at room temperature~ =lOOoF and -320oF; 
room temperature was approximately +78oF. o The test temperature of -100 F 
was obtained by placing alcohol and dry ice into a container and pumping 
the cooled alcohol through a closed cool ing tank surrounding the test 
section, The electric pump motor was control led by a rheostat and 
excellent temperature control could be achieved by regulating the rate of 
flow. A photograph of the test set=up showing the cool ing apparatus is 
shown in Fig. 27. The test temperature of =320oF was obtained using the 
same cool ing tank except that I iquid nitrogen was pumped through the 
coo ling sys tem. ~ n th i sease 3 pump i ng was accomp I i shed by i nt roduc i ng 
nitrogen gas under pressure into the flask containing the I iquid nitrogen; 
the ['ate of flow was control led by adjusting the pressure of the gas. 
To achieve the temperatures of -lOOoF and -320oF it was necessary to 
circulate the cool ing agent such that it was in direct contact with the 
specimen. 
The temperature on all specimens was determined by means of 
copper-constantan thermocouples mounted on the specimen surface in the 
vicinity of the notch .. ,Readings from thermocouples placed on the transverse 
center I ine and 3/8 in. above and below this 1 ine indicated a negl igible 
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gradient in both the longitudinal and transverse directions. The maximum 
temperature variation for all tests conducted at a given temperature was 
approximately ± 50 F, and was not considered large enough to have any 
significant effect on the test results. 
The loading rate used for all tests was maintained at a 
sufficiently low value so that a1 I tests could be considered as static tests. 
A1 I loading was app1 ied in an increasing manner so that no unloading occurred 
and thus stress history could be e1 iminated as a variable. On room 
temperature tests in which strain gages were employed, loading above the 
yield point was done in increments, with a particular load level being 
held until yielding stopped and the strain gage readings became stable. 
For all other tests, loading was continuous. 
4.5 ~nstrumentation and Measurements 
Before and after testing, the exact dimensions of the minimum 
section of each test specimen were carefully measured using a micrometer 
and depth gage which gave measurements directly to within 0.001 in. and 
permitted estimated measurements to the nearest 0.0005 in. Similar 
measurements during the tests were not possible because of other instru-
mentation and test equipment employed. 
Temperature-compensated foil strain gages were used on repre-
sentative specimens of each thickness tested at room temperature and at 
-1000 F. The gages were oriented vertically and horizontally along the 
notch 1 ine, with each pair of vertical and horizontal gages located back-
to-back on opposite faces of the specimen, Pre] iminary studies had shown 
no measurable eccentricity of load. A typical strain gage layout is shown 
in Fig. 28. Since it was necessary to have the cool ing agent in direct 
contact with the specimen surface, it was necessary to protect in some 
manner strain gages that were to be used on low temperature tests. Satis-
factory results from tests at -IOOoF were obtained by util izing a water-
proofing compound in conjunction with I iquid latex as a protective covering. 
However this provided only temporary protection and if7 for some reason 9 
testing was delayed after cool ing had started, the cool ing agent would 
ultimately render the adhesive ineffective and the strain gages would peel 
off. Fortunately, this occurrence was rare. For this reason, however~ it 
was found impracticable to util ize strain gages on tests at I iquid nitrogen 
temperature. 
Specimen extension in room temperature tests was also determined 
by means of a 2-in. extensometer, which permitted a check on the strains 
obtained from the strain gages. The extensometer was made specificaJ ly 
for this series of tests and uti) ized a 4-arm bridge arrangement to measure 
extensions. 
A photoelastic stress analysis technique was used in selected 
room temperature tests to determine the strain distribution in the vicinity 
of the notch at various stages of loading. Using this procedure, a plastic 
coating is bonded to the surface of the specimen and under load, the 
surface strains are dupl icated in the plastic. As the plastic undergoes 
deformation it becomes birefringent and using a reflection polariscope 
contours of principal strain difference (isochromatics) could be photo= 
graphed directly. 
Initially it had been hoped that the principal strains along the 
notch I ines could be determined using this technique. However, because 
of available equipment, and the strain sensitivity of the plastic used, 
it was possible only to obtain isochromatics and isocl inicsa The test 
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set~up used for the photoelastic strain measurement is shown in Fig. 29. 
In the photograph of Fig. 29(a) 3 the long bellows attached to the camera 
is part of the telephoto adapter used for high magnifications purposes, 
In Fig. 29(b) is shown a close up of the specimen with the photostress 
plastic attached. A more complete description of this photoelastic strain 
(40) 
measuring technique may be found elsewhere . 
A 1 imited amount of metallurgical work was conducted on the 
fractured specimens. Representative specimens were sectioned along the 
mid-thickness~ pol ished~ etched~ and microhardness readings taken in the 
vicinity of the notch region. The purpose of this work was to provide an 
indication of the extent of plastic deformation occurring in the specimenso 
It was found however, that although hardness readings did indicate that 
yielding was 1 imited to the immediate vicinity of the notch in the low-
temperature tests, the scatter resulting from the inhomogeniety of the 
material was so excessive that no definite conclusions could be drawn from 
this work. 
4.6 Test Results 
The average fracture stress, craf~ in all tests was determined by 
dividing the fracture load by the original area of the minimum cross-
section. This introduced relatively little error since, with only two 
exceptions~ all fractures, even at room temperature? were of a cleavage 
nature and the final area at the time of fracture was not substantially 
different from the original area. Apparently, temperature did not have 
a significant effect on th~ value of the average fracture stress as can 
be seen in Fig. 30. The average fracture stress at all test temperatures 
was approximately 68 ksi. The effect of temperature on the ratios 
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~ f/~ and ~ f/~ lt~ however, was much more pronounced as a result of the 
a ys a u 
dependency of yield and ultimate stress on temperature. Figure 31 repre-
sents the variation of ~ f/~ and ~ flu I. with temperature. As may be 
a ys aut 
seen from the figure 7 at room temperature the ratio of fracture stress to 
yield stress was approximately 2.3 and the ratio of fracture stress to 
ultimate tensile stress 3 about 103. At 1 iquid nitrogen temperature, however, 
the values of both of these ratios had decreased to approximately 0.6. 
Within the range of specimen dimensions included in this study, 
the variation in thickness was apparently insufficient to indicate any 
significant effect of thickness on fracture stress~ especially at the lower 
temperatures. The only indication of any thickness effect was in the mode 
of fracture of specimens tested at room temperature. The 1/4-in. thick 
specimens and one 1/2-in. specimen fai led by shear after undergoing 
extensive yielding, whi Ie al I remaining specimens of 1/2-in. or greater 
thickness~ tested at room temperature, and all specimens tested at lower 
temperatures failed by cleavage. For all thicknesses tested, the nominal 
fracture stress was about 68 ksi. This lack of thickness effect can be 
seen from Figs. 32 and 33 in which the ratios of fracture stress to 
ultimate and yield stress are plotted as a function of thickness. From 
these graphs it can be seen that for a given temperature the values of 
~ f/~ and ~ Irr remained constant over the range of thicknesses 
a ys af ult 
employed. 
The relationship between the average app1 ied stress on the 
minimum section, ~ , and the deformation of the specimen under load was 
a 
obtained from strain gage measurements and 1 imited extensometer data. 
It was found that the deformation behavior of a specimen was essentially 
the same at a given temperature regardless of thickness. The relations 
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between average minimum section stress and longitudinal and transverse 
strain~ at the center 1 ine and notch root of a typical notched specimen 
tested at room temperature, are shown in Figs. 34 and 35 9 respectively. In 
Fig. 36 is presented the longitudinal strain at the center 1 ine for the 
same specimen as a function of average appl led stress as determined from 
extensometer data. Although the extensometer gage length was considerably 
greater than that for a strain gage J it can be seen that the strain behavior 
as determined by the two types of measurements are essentially the same. 
Simi lar relationships between average stress across the minimum section 
and surface strains for a typical specimen tested at -100oF are,presented in 
F'igs.,,37 and 38. o Although strain gage data at -100 F could not be obtained 
once yielding had commenced 1 a comparison of the previous stress-strain 
diagrams indicate that initial yielding occurred at a somewhat higher value 
of appl ied load for the specimen tested at -100oF. 
The relationship between reduction in thickness measured after 
fracture and the temperature is shown in Fig. 39 and Fig. 40 for measure-
ments made at the center I ine and notch tip respectively. The average 
reduction in thickness at the specimen center 1 ine for all specimens 
tested at room temperature was approximately 10 per cent, while at the 
notch tip reduction in thickness was roughly 19 per cent for 1/2=in. thick 
specimens and 13 per cent for the remainder. At 1 iquid nitrogen temperature 1 
the reduction in thickness at al I points along the minimum section was 
negl igible. Measurements from 1/4-in. specimens were not included because 
of the I imited data available as a result of shear failures at room 
temperature, but apparently reduction in thickness for these specimens 
would have been sl ightly greater at -lOOoF but neg] igible at -320oF. The 
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variation in the reduction of thickness along the minimum section is shown 
in Fig. 41 for typical specimens tested at room temperature andcat -lOOoF, 
As mentioned earl ier, the fracture mode for al 1 specimens tested 
at ~lOOoF and =3200 F was of a cleavage type and very little difference could 
be noted in fracture appearance. A photograph of two typical fractured 
specimens tested at -lOOoF and -3200 F are shown in Fig. 42. At room 
temperature, the dividing line separating cleavage fractures from shear 
fractures was apparently a specimen thickness of l/2-in.; al 1 specimens 
less than l/2-in. thick fai led in shear while specimens more than l/2-in. 
thick failed by cleavage. Of the two l/2~in. specimens tested at room 
temperature, one failed in shear and the other fractured in a cleavage 
mannero Photographs showing the fracture surface of these two specimens 
are presented in F~g. 43. All specimens which fai led by cleavage at room 
temperature exhibited a small shear 1 ip or thumbnail immediately adjacent 
to the root of the notch as may be observed from Fig. 43 (b). The remainder 
of the fracture surface had the general appearance of a brittle type 
fractureo HO'\l\Jever, in all room temperature tests, a noticeably large 
amount of plastic deformation preceded fracture, so these fractures could 
not be classified as brittle. 
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5. ANALYSIS AND DISCUSSION OF RESULTS 
5. 1 General 
An approximate analytical elastic-plastic stress analysis for 
a plane-strain model, and the results of an experimental study util izing 
a specimen of identical geometry except for a finite specimen width and 
thickness have been presented in the preceding two chapters. In order to 
determine the stresses existing at the location and instant of fracture~ 
it is necessary to combine the results from the analytical and experimental 
phases of this investigation. In this chapter wil 1 be presented the final 
results, including a discussion of the justification for combining both 
theoretical and experimental results. Final ly a comparison of the results 
of this investigation with similar work will be presented. 
It should be kept in mind that all results arising from this study 
were obtained from one particular specimen geometry and one material and 
although some of the results may be generally appl icable 1 it is probable 
that they are val id only for the mild steel employed. 
5.2 Limitations of Analysis 
Before proceeding further~ it is necessary to consider the 
I imitations of theelastic~plastic stress analysis and to examine the 
justification for combining experimental results with an analytical stress 
analysis. The stress analysis in this study is developed for plane strain 
deformations and stresses 9 although it is equally applicable to plane 
stress. The test specimens p on the other hand~ have finite dimensions and 
thus the corresponding deformations will be neither plane strain nor plane 
stresS g but somewhere in between. However 9 based on the results of this 
investigation, and on the results reported by other investigators, it is 
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reasonable to assume that the actual state of stress in the test specimens 
employed in this study more closely approximates the condition of plane 
strain than plane stress. in fact, at the middle surface (mid-thickness) 
of a specimen, it may well be that a condition of plane strain does 
ex i st. 
In the experimental study it was observed that specimens greater 
than 1/2=in. thick fractured by cleavage at room temperature, and at the 
lower test temperatures specimens of al I thicknesses fractured by cleavage. 
This is certainly an indication that sufficient restraint was present to 
prevent shear failures which would be expected for plane stress conditions. 
A further substantiation of the plane strain assumption may be found in the 
(41) 
work of Sternberg and Sadowsky . These investigators found that for a 
circular hole of diameter D, in an infinite plate of thickness t, the 
maximum stress cr , normal to the plane of the plate, approached the plane 
z 
strain value of cr asymptotically as the ratio tiD increased. For the 
z 
cases considered in their studY1 it was observed that u at mid=thickness 
z 
had, for al1 practical purposes, attained the plane strain value for ratios 
of tiD greater than 2. In the present study, the root radius of the 
hyperbol ic notch was 0.01 in. and the sma1 lest thickness employed was 
0.25 in. Thus at the tip of the notch the ratio tiD would be approximately 
12. It would therefore be reasonable to expect plane strain conditions to 
exist at the mid=thickness of the specimen in the vicinity of the notch 
tip, which is the primary area of interest in this investigation. 
All results from the stress analysis are developed as a function 
of the average appl ied stress and the yield stress. For appl ication of 
the stress analysis to a particular test specimen reSUlting in quantitative 
answers, it is necessary that the values of appl ied stress and yield 
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stress be known. The average appl ie:d stress can usually be determi ned 
directly for a given specimen from the testing apparatus, but the yield 
stress must be determined separately as a function of rate of loading and 
temperature. In this study, the yield stress was determined for the 
specimen material from standard tensile tests conducted at the various test 
temperatures. A gradual rate of loading (static) was maintained throughout 
the test series and it was assumed that the yield stress as determined from 
tests on unnotched tensile specimens would also be the yield stress in the 
h d . 0 h . ".. (3 2) h f d h' . notc e test specimens. t er Investigators . ave oun t at In static 
tests of notched specimens, yielding will occur at a maximum axial stress 
of about the same value as the static upper yield stress in unnotched 
specimens of the same material. Thus for every notched specimen tested in 
the experimental phase of this investigation, it is possible to compute 
the ratio of measured average stress at fracture to yield st~ess a fla ; 
a ys 
these values are given for each test specimen in Table 2. Knowi ng a f/r:r 
a ys 
for a particular specimen~ it is then possible to obtain theoretically 
predicted results from the stress analysis. 
A final restriction on the analytical stress analysis developed 
is that it is val id only for cases where plastic deformation is confined 
to the immediate vicinity of the notch tip. The analytical analysis 
predicted that this condition would be satisfied provided the ratio between 
average appl ied stress and yield stress~ ua/ITys was less than approximately 
1.0; for values of IT /r:r greater than 1, yielding would be expected to 
a ys 
progress from the notch root to the center of the specimen and gross 
plastic deformation would ensue. This predicted behavior from the 
analytical studie~ may be compared with the actual behavior of the test 
specimens. if the use of the experimental test results in the elastic-
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plastic stress analysis is justified 1 then the experimentally determined 
behavior of the specimens should compare favorably with predicted behavior. 
Thus the experimental specimens should exhibit a marked increase' in 
extension at an average appl ied stress approximately equal to the yield 
stress. At room temperature, the value of the upper yield stress for the 
mi Id steel used in this study is approximately 30 ksi. Thus in room 
temperature tests, the average appl ied stress, rr 1 at which a marked 
a 
increase in deformation would occur is predicted by the analysis to be 
rr ~ 30 ksi. From Figs. 34 and 36 1 it can be seen that the average appl ied a 
stress corresponding to the beginning of extensive plastic deformation is 
approximately 32 ksi as indicated by both strain gage and extensometer 
measurements. At a temperature of -lOOoF, the yield stress is approximately 
44 ksi, and thus specimens tested at this temperature should undergo a 
marked increase in plastic deformation at an average appl ied stress of 
somewhere around 44 ksi. Figure 37 shows that the corresponding experimental 
stress is actually about 46 ksi. This is extremely good agreement since 
the experimental stress should be sl ightly higher than the predicted 
stress, at which unstable yielding is only beginning. 
In order to apply the stress analysis to experimental fracture 
studies and in 1 ine with the discussion in Chapter 3, it is necessary for 
the ratio of average appl ied fracture stress to yield stress, rr f/rr , to 
a ys 
have a value less than I, From Table 2 it can be seen that of all specimens 
tested only those specimens tested at a temperature of -320°F satisfy this 
requirement. For all of the other specimens tested at higher temperatures, 
the values· of rr f/rr were considerably larger than one, and in accordance 
a ys 
with the definition of brittle fracture used in this report, fractures at 
test temperatures of -IOOoF and room temperature would be classified as 
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ductile fractures since considerable plastic deformation preceded fracture. 
It should be noted that only those specimens tested at ~320oF failed to 
show any indication of plastic deformation giving further proof that at 
least in these specimens, any plastic deformation that did occur was 
limited to the notch region. 
The results from the experimental work seems to substantiate the 
theoretical results and also give ample justification for applying the 
stress analysis to the experimental tests conducted at liquid nitrogen 
temperature. 
5.3 Stress State at Fracture 
The state of stress at the origin of fracture initiation is 
characterized by the values of the three principal stresses ~ , ~ and ~ y x z 
at that point. Fracture is assumed to initiate along the mid-thickness of 
a specimen at the elastic-plastic boundary on the minimum section of a 
notched specimen. At this point al 1 three principal stresses attain their 
maximum values based on the analysis used. 
The maximum axial and transverse stresses, (~) and (~) , y max x max 
along the minimum section of the specimen at the instant of fracture 
initiation can be determined by incorporating results from the experimental 
study into the elastic-plastic stress analysis developed in this report. 
The t h i r d p r inc i pal s t res s, (~) ,c ant hen bed e term i ned from the 
z max 
appropriate plane strain relationships. The maximum axial tensile stress 
is most probably the critical stress governing fracture initiation, although 
whether or not this critical stress can be attained is likely a function 
of the other princ.ipal stresses as well as other variables such as 
temperature. For this reason, emphasis wil 1 be placed on the determination 
of the maximum axial tensile stress developed in the test specimen. 
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The p~ocedure for calculating the maximum stress in the y-direction 
corresponding to a particular value of app1 ied stress was discussed briefly 
in Chapter 3. An explanation of how the maximum axial stress at fracture in 
a typical test specimen can be found fol lows. For each specimen tested in 
the experimental phase of the program 9 the average appl ied stress at which 
fracture occurred was read directly from the testing apparatus, and the 
yield stress corresponding to the test temperature was determined from 
Fig. 22. The ratio of nominal fracture stress to yield stress a fla , 
a ys 
could then be determined and these values are shown for all specimens in 
Table 2. If the value of a fla was greater than 1, the fracture was 
a ys 
classified as ductile according to the definitions of brittle and ducti 1e 
used in this report, and the stress analysis was not app1 icab1e to these 
specimens. For specimens in which brittle fractures occurred, i.e., 
a fla < 1, the ratio of maximum axial stress to yield stress, (a) la, 
a ys y max ys 
corresponding to a particular value of a fla ,was obtained from the 
a ys 
relationship plotted in Fig. 19. The value of yield stress at each test 
temperature had previously been determined and hence the value of the 
maximum axial stress, (0") ,could be calculated for every specimen that y'max 
fractured in a brittle manner. 
The values of (a) for each specimen in which brittle fracture y max 
occurred are given in Table 2. As was noted previously, only those 
fractures occurring in specimens tested at =320oF could be classified as 
brittle. The values of (a) shown in Table 2, fell within a range from y max' 
217,000 psi to about 270 1 000 psi with an average value of 246,000 psi, 
which may be considered to be within the 1 imits of expected experimental 
and theoretical errors. The maximum variation from the average value was 
on the order of ]O'iper .cen:to Thu5 9 ~f the maxImum axial stress'aFone is the 
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determi~ing factor in brittle fracture initiation, the results of this 
study show that initiation will occur when the maximum stress reaches a 
critical value of approximately 246,000 psi. 
At this stress, the region of yielding had progressed to an 
average depth of approximately 0.01 in. beneath the notch tip along the 
min i mu m s e.G t ion. 
The extent of yielding as predicted by the analysis can be 
qual itative1y verified by examining the strain gage records shown in Figs. 
35 and 38. It wi 11 be noted that the response ;of the horizontal gages, 
located roughly 0.01 in. from the notch tip, shows a noticeable break at 
app1 ied stresses of approximately 16,500 psi and 24,000 psi for the 
specimens tested at room temperature and -IOOoF respectively. !n both 
cases, this is a ratio of a la equal to 0.55, which corresponds to a 
a ys 
predicted position of the elastic-plastic interface approximately 0.01 in. 
from the ~otch tip. 
The values of maximum stress in the x-direction (transverse), 
(a ) were obtained in exactly the same manner in which (a) was found. 
x max' y max 
From the values of a fla available for each test specimen in the brittle 
a ys i 
range, corresponding values of the ratio of maximum transverse stress to 
yield stress, (a) la, were obtained from the relationship given in 
x max ys 
Fig. 20. (a) was then calculated and these values are given in 
x max 
Table 2. As can be seen from the table, the average value of (rrx)max was 
approximately 127,000 psi, but the range of stress values is somewhat 
wider than was observed for (a) ,varying from a low value of 97,000 psi y max 
to a. hi 9 h' 0 f abo u t 1 5 I ,0 ° 0 psi. 
Since the conditions in specimens which exhibited brittle fractures 
were very close to plane strain conditions, the maximum stress, (a) , 
z max 
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normal to the p.lane of the specimen could be easily calculated from the 
relatjonship 
er = v (er + er ) 
z x y 
in which v is Poisson's ratio, taken to be 0.3 in the elastic calculations. 
The average value of (er) was found to be approximately 112,000 psi and 
z max 
values of (er ) for each specimen are also presented in Table 2. The 
z max 
complete state of stress, defined by the three principal stresses at 
location and instant of fracture initiation, has thus been obtained. 
5.4 Discussion of Results 
The results obtained thus far from an app1 ication of the analytical 
stress analysis to experimental data suggest that a brittle fracture of the 
notched plate specimens of mild steel used in this investigation will occur 
only if a critical v~)ue of the maximum tensile stress is reached before 
yielding progresses across the minimum section of the specimen. For some 
specimens, yielding extended across the entire cross section before the 
cri tical maximum tens i Ie stress could be reached (er ffCJ > l) and the 
a ys 
resulting fractures were ductile. This transition from brittle to ductile 
behavior occurs at a value corresponding approximately to er fer 
a ys 
which corresponds to a ratio of maximum tensile stress to yield stress, 
(er) jer of about 2.88. The average value of the maximum stress that y max ys 
can be reached before initiation of fracture is 246,000 psi and thus the 
yield stress corresponding to the brittle to duct.ile transition is 
246,000 
approximately CJys = 2.88 or erys = 85,000 psi. For the material used 
in this investigation, a yield stress of 85,000 psi corresponds to a test 
temperature of approximately -240oF. Thus for the particular specimen 
investigated, the transition from ductile to brittle behavior occurs at 
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about -240°F. This, of course, is true only for static loading; for 
rapidly appl ied loads, the yield stress will be increased and consequently 
the brittle-ductile transition temperature wil 1 be higher. 
From a knowledge of the three principal stresses at the origin of 
fracture initiation the maximum shear stress can be calculated from the 
expression 
1" 
max 
where Ci l and 0"3 refer to the maximum and minimum principal stresses 
respectively. For al I specimens considered in this investigation, the 
maximum princ.ipal stress was always (0") and the minimum principal stress, y max 
(O"z) max , The average computed value of 1"max was about 67,000 psi, and 
values of 1" for each specimen are given in Table 2. The ratio of 
max 
maximum shear stress to maximum tensile stress has been considered by most 
investigators to be a singificant quantity in any fracture study, since 
d h f f . (42) 'L an 0" are t e stress actors 0 greatest Interest . 
max max 
As has been stated before, it is I ikely that mild steel will 
fracture brittlely when 0" reaches a certain critical value; and plastic 
max 
deformation is closely related to 'L ,becoming appreciable when 'L 
max max 
reaches a critical value. Thus for a given set of test conditions, the 
ratio~" /r:r will be an indicator of how the material will react to an 
max max 
app 1 jed load, 
Values of the ratio 'L /r:r calculated for the test specimens 
max max 
are given in Table 2. Even though there was some sl ight variation in the 
calculated values of the stresses for the different specimens, it can be 
seen that the value of 'L /0" was almost a constant for al I tests, 
max max 
having a value of 0.27. It is possible that this ratio, when easily 
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calculable, may be just as indicative of the final fracture mode of a 
specimen as would the maximum tensile stress. Below some critical ratio of 
~ /~ the resulting fracture would be brittle, while for values of 
max max 
~ /~ larger than the critical value, the fracture would be ductile. 
max max 
For the type of specimen used in this investigationatatest temperature of 
-320oF, the resulting value of ~ /~ = 0.27 is obviously below the 
max max 
critical value. 
The theoretical elastic stress concentration factor for the notch 
geometry used in this study was found to be approximately 9. For any 
material in which even limited plastic deformation occurs, the elastic 
stress concentration factor is admittedly an erroneous and unreal istic 
relationship between the maximum tensi le stress in the vicinity of a notch 
and the average appl ied stress. However, for the specimens used in this 
study, an effective stress concentration factor, Keff' appropriate to the 
particular test conditions employed, can be determined as the ratio of 
= (~y)max 
Keff maximum tensile stress to average app] ied stress, i.e., ~af 
The average value of Keff calculated in this manner was approximately 3,6. 
5.5 Comparison of Results with Previous Work 
The approximate elastic-plastic stress analysis developed in 
this report has been shown to be val id for the types of specimens and the 
material used in this investigation. If this method of analysis is to 
yi.eld results which can be regarded as a legitimate and reasonable approxi-
mation to the actual maximum stresses developed in mild steel, then 
results from this type of analysis should show reasonable agreement with 
results from other studies involving different specimen geometries and 
testing techniques. Although it is widely accepted that initiation of a 
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brittle fracture is influenced predominantly by the maximum tensile stress 
reaching a llcriticaPI level, relatively 1 itt1e work has been done to determine 
the value of such a critical stress, and thus limited data is available for 
comparison. The most significant studies in this area were conducted by 
Hendrickson? Wood and Clark (33) in an extensive series of tests on notched 
cy1 indrica1 specimens, By appl ication of an elastic-plastic stress analysis 
to the experimental results, the investigation showed that brittle fractures 
were initiated in the mild steel employed when a critical tensile stress 
of approximately 210,000 psi was attained, This value of critical stress 
was found to be independent of stress rate and temperature, From the 
investigation reported herein, the critical value of maximum tensile stress 
required for initiation of brittle fractures was found to be about 
Although of the same order of magnitude, the two values of-
critical tensile stress determined from the two investigations would be 
expected to show closer agreement since the material used in both cases 
was a mild steel of approximately the same chemical composition. One 
significant difference in the two investigations was the choice of ayield 
condition for use in the analytical analysis. if the Tresca yield 
condition is used in analyzing the results of the investigation reported 
herein, rather than the Von Mises yield condition? it is found that the 
resulting critical tensile stress required for brittle fracture initiation 
is approximately 220 9 000 psi? which compares very favorably with the value 
of 210 9 000 psi previously predicted by Hendrickson and his associates. 
Another sources of comparison is possible by util izing strain 
data obtained in the course of an investigation of brittle fracture pro= 
pagation in wide steel plates conducted by investigators at the University 
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of ill inois (43). in Fig. 44 is presented values of peak dynamic strains 
measured during fracture propagation plotted as a function of distance from 
the fracture. If this data is extrapolated to obtain values of E and e 
x y 
at the source of the fracture, the resulting strains are approx'imateiy 
E 
X 
+1900 microin./in. and E = +7200 microin./in. y Since these strains 
were measured on the surface of the test specimens, the corresponding 
stresses can be computed from the plane stress relationships: 
E [(e: + E ] 0- ~-2 v y l=v Y x 
E fe + E ] 0- 2 v x l~v ~ x y 
Calculated in this manner, the maximum tensile stress, (0-) ,at y max 
the tip ofa propagating brittle fracture, is found to be approximately 
256,000 psi and the maximum stress in the transverse direction, (0-) , is 
x max 
134,000 psi. This is extremely good agreement with the theoretically 
predicted maximum values of 246,000 psi and 1279000 psi for (0-) and y max 
(0- ) respectively. Admittedly there is some scatter in the data, and 
x max 
the strain values obtained from extrapolation of the data in Fig. 44 is 
somewhat arbitrary. Nevertheless, any reasonable extrapolation of that 
data will give strains at the crack tip very close to those strains 
selected~ and consequently the possible range of calculated maximum stresses 
will certainly be within the range of theoretical maximum stresses obtained 
from the experimental work conducred as a part of this investigation. This 
close comparison is felt to be especially significant since it is based 
on measured data rather than theoretical data of other investigators. 
It is felt that the preceding comparisons give substantial 
justification to the val idiLY and appl icabil ity of the stress analysis 
developed herein to other brittle fracture studies in low carbon steel. 
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6. SUMMARY AND CONCLUSIONS 
6.1 Summary 
The purpose of this investigation was to determine the general 
state of stress associated with brittle fracture initiation in mild steel, 
and in particular to determine the critical tensi 1e stress necessary for 
fracture initiation. Also included as a part of this investigation was a 
study of the effects of certain parameters on fracture behavior. The 
results were obtained from both experimental tests of notched specimens 
and an analytical stress analysis. 
In the experimental portion of the investigation, 2-in. wide 
plate=type specimens of varying thicknesses, containing 1/2=in. deep edge 
notches~ were subjected to static tensile loading at different temperatures .. 
Specimen thickness was varied from 1/4=in. to l=in. and tests were conducted 
o (. 0 0 
at temperatures of +78 F room) 1 =100 F and =320 F. 
An approximate elastic-plastic stress analysis has been developed 
which provides a theoretical relationship between the average appl ied 
stress, and the principal stresses existing along the minimum section of 
a notched specimen. This analysis takes into account plastic deformation 
which is 1 imited to the immediate vicinity of the notch tip. Appl ication 
of this stress analysis to the experimental studies provided a theoretical 
prediction of the true state of stress at the instant and location of 
fracture initiation and also provided an indication of the position of the 
elastic-plastic boundary in the specimens. 
Results obtained from this investigation have been compared with 
related work in fracture initiation studies to provide a basis for evaluating 
the particular stress analysis used and the reI iabil ity of the final results. 
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6 .. 2 Conclusions 
The significant results obtained from the investigation reported 
herein, and subsequent conclusions based on these results, may be summarized 
as follows: 
(1) In the study of brittle fracture initiation in mild steel, 
the assumption of plane-strain conditions for plate thicknesses greater than 
1/4-in. is apparently justified. This observation is based on the work of 
other investigators and also from results of the experimental work conducted 
as a part of this investigation. 
(2) For the material and specimens employed in this investigation, 
a brittle fracture will initiate when the maximum tensile stress (J) , Y max 
reaches a "critical" value of approximately 246,000 psi. This value of 
necessary stress for fracture initiation compares favorably with that 
determined from other analytical and experimental techniques. 
At the instant of fracture initiation, the remaining two principal 
stresses, (J) and (J) ,were found to be approximately 127,000 psi 
x max z max 
and 112,000 psi respectively, and the maximum shear stress, ~max' was 
calculated to be approximately 67~000 psi. 
(3) A brittle fracture has been defined in this study as a 
fracture preceded by only I imited plastic deformation in the immediate 
vicinity of the notch root. Fractures occurring after yielding has extended 
across the entire cross section of the specimen have been defined as ductile 
fractures. It was found that yielding would spread rapidly from the notch 
root to the axis of the specimen when the ratio of average appl ied stress 
to yield stress reached a critical value. This critical ratio of (J /(J 
a ys 
for the specimens tested, as predicted by the theoretical analysis and as 
determined from experimental measurements, is approximately equal to one. 
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Thus a necessary condition for brittle fracture as defined herein is that 
the ratio of average appl ied stress to yield stress never reaches the 
critical value which would cause extensive plastic deformation. 
(4) For the particular specimen geometry and material used in 
this study, the ductile to brittle transition will occur when the yield 
stress reaches a value of approximately 85,000 psi. For static loading, 
this corresponds to a transition temperature of about -2400 F. 
(5) The position of the elastic-plastic boundary at fracture, 
as predicted by the theoretical analysis, was approximately 0.01 in. beneath 
the notch root along the minimum cross section. This position of the yield 
zone was also qual itative1y verified by results from the experimental work. 
The distance of the elastic-plastic boundary from the notch root, as 
determined by other investigators, was also found to be on the order of 
0.01 in. in specimens of different geometry. 
(6) Results from this investigation and the good agreement 
between these results and those obtained from other investigations indicate 
that the elastic=plastic stress analysis developed as a part of this study 
yields results which are consistent with similar results obtained from a 
more exact analysis. Thus the app1 ication and use of the analysis developed 
herein in study1ng brittle fracture in mild steel, in place of more complex 
and time~consuming methods of analysis, would seem to be justified. 
By util izing this approach, it should then be possible to predict 
the conditions under which brittle fracture will occur in mild steel 
specimens of other geometries, 
(7) The effect of temperature on the average fracture stress 
of the notched specimens used in this investigation was found to be 
negligible. The significant effect of temperature, however, was on the 
yield stress and consequently on the fracture mode, resulting in the 
occurrence of brittle fractures at low temperatures. 
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(8) The average fracture stress apparently was independent of 
any thickness effect, at least within the range of thicknesses employed. 
This observation was to be expected, however, since plane strain conditions 
probably exist for thicknesses greater than approximately 1/4-in. 
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TABLE 1 
MATERIAL PROPERTIES 
~'-
A. Tensile Test Data (Standard ASTM O.SOS-in. Diameter)A 
Temperature Upper Yield Ultimate El ongati on Reduction 
of Stress S t res s in 2 in. in Area (ks i ) (ks i ) % % 
+78 30.0 58.6 46 67.0 
-100 43.6 70.3 35 65.0 
-320 114.2 114.8 0 0 
.. /, (All specimens parallel to direction. of roll ing--each value 
represents average of two tes ts . ) 
B. Check Analysis 
C Mn S i P S Ni Cr Cu Al 
0.18 0.82 0.03 0.018 0.028 0.03 0.04 0.06 0.02 
TABLE 2 
SUMMARY OF RESULTS 
dW~ 
(cry) max (crx ) max (crz ) max Specimen Temperature craf IT fl cr 1: 1: /cr a ys max max max 
No. (Deg .F) (ks i ) (ksi) (ksi) (ksi) (ks i ) 
H2=1 + 78 ~9;~Q~ 
H4=2 + 78 69.0 2~30 
H4=4 + 78 dfJ~;/;: 
H6=2 + 78 68.8 2.29 
H8-1 + 78 68.6 2.29 
H8=4 + 78 69.3 2.31 
H2=6 =100 78.4 1.78 
H4= 1 -100 70.0 1.59 
H6=1 =100 63.7 1.45 
H6=4 -100 63.8 1.45 
H8=5 =100 72.1 1064 
H8=6 =100 6408 1.47 
H2=2 =320 62.1 0.54 232 113 104 64 0.28 
H2=7 =320 53.2 0.47 217 97 94 61 0.28 
H4=3 =320 58.9 0.52 227 109 101 63 0.28 
H4=7 =320 82.0 0.72 269 151 126 72 0.27 
H6=3 =320 67.8 0.59 243 123 110 67 0.27 
H6=5 =320 78.1 0.68 263 143 122 71 0.27 
H8=3 =320 79.1 0.69 264 145 123 71 0.27 
H8=7 =320 73.6 0064 254 134 116 69 0.27 
J~;:: 
First number in Specimen Designation represents thickness in eighths of an inch; 
i.e. & H6 is 6/8 or 3/4 in. thick. 
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